Effects of non-uniform inhibitor production on the growth of cancer cell cultures  by Maggelakis, Sophia A.
Appl. Math. Lett. Vol. 5, No. 5, pp. 11-14, 1992 0893-9659/92 $5.00 + 0.00 
Printed in Great Britain. All rights reserved Copyright@ 1992 Pergamon Press Ltd 
EFFECTS OF NON-UNIFORM INHIBITOR PRODUCTION 
ON THE GROWTH OF CANCER CELL CULTURES 
SOPHIA A. MAGGELAKIS 
Department of Mathematics 
Rochester Institute of Technology 
Rochester, NY 14623, U.S.A. 
(Received October 1991) 
Abstract-A diffusion model to examine the effects of non-uniform inhibitor production on the 
growth of a cancer cell culture is presented. This inhibitor is assumed to be a product of the metabolic 
processes of living cells in the cell culture.. 
Following [l], we consider a cancer cell culture which grows in a small vertical tube with a constant 
cross sectional area Q. The growth of this culture is governed by a conservation law of cell volume 
whose derivation and analytical details have been discussed in [2] and [l]. The purpose of the 
present model is to give a summary of results and to compare them with the results obtained 
from [3] in which it was assumed that the growth inhibitor is produced at a non-uniform rate 
throughout the necrotic region. 
We denote by zs(t), .zg(t), and zi(t) the interfacial heights that seperate the cancer cell culture 
from the ambient medium, the dividing cells from the nondividing cells, and the living cells from 
the dead cells, respectively. The rate of cell proliferation S (volume created per unit volume of 
viable cells) is a function of the inhibitor production ,f?(z,t) and the nutrient consumption u(z,t), 
such that 
S(u, P) = 
s, a constant, for u > uj,p < pi 
0, otherwise, 
where ,L$ is the critical inhibitor concentration above which mitosis is inhibited without causing 
the cells to die, and ui is the critical nutrient concentration below which the cells die. 
The diffusion equation for the nutrient concentration is: 
d2u c 
yg=p %i I = L %o, 
whose solution is given by 
u=u,, % L %o 
u =g (%2 - %,“) +; %i(%* - %) + uoo, %i 5 % <_ %O 
u =uj, O<%<Zi 
and 
V-4 
h c = %rJ - %j = $(um - Ui)] , 
with uoo being the nutrient concentration in the ambient medium, C is the nutrient consumption 
rate, h is the nutrient diffusivity constant, and h, is the critical height of the cell culture (when 
the culture reaches this critical height, the cells at the bottom of the tube start to die). 
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What follows is different from the models described in [l] and [3]. The growth inhibitor is 
assumed to be produced non-uniformly in the region of living cells so that the diffusion equation 
for this growth inhibitor is 
for zj < % 5 %s, 
for % 5 %i, 
subject to the conditions that the contaminant is removed from the ambient fluid i.e., p = 0 at 
% = %c, p and g are continuous, and that there is no inhibitor flux through the tube i.e., g = 0 
at % = 0. The parameter b is introduced to measure the degree of non-uniformity of the inhibitor 
production rate, P is the inhibitor production rate, and K is the inhibitor diffusivity constant. 
The solution to this system is 
P =-- ; (20” - 2;) - ; (%g - %i”) + (+; + Br) (fc - Zi), 0 5 % 5 fir 
p +s + +%a - (+; + 8%i) % - a(%; - 3%:%c) - $%o’ - 2%i%O), %i I % I %O, 
(I) 
P =o, % 2 %o, 
where A = (Pb)/(K(zo - zi)) and B = -(P/K)(l+ (bzi)/(zo -q)). As in [33, it is assumed that 
the growth of the cell culture proceeds in several stages. The conservation law of cell volume for 
all these stages is 
d%o 
x = 6 [%0(t) - m=(r&,4t))] - k(t), (2) 
subject to initial conditions 
%i(O) = %g(O) = 0, %0(O) = ho, 
with ho being the initial height of the cell culture, and s being the normal cell proliferation 
rate. This differential equation is solved at each stage of growth using the appropriate boundary 
conditions that govern that stage. These stages are: 
STAGE 1. Initially, there exists sufficient nutrient for every cell in the culture so that all cells are 
alive, proliferating and mitosis proceeds normally. The growth equation (2) becomes 
dzo 
- = S%o(l), 
dt 
with the initial condition %0(O) = ho. By integrating Equation (3) and introducing a scaled time 
r = st, we get 
%0(r) = hoe’, zg(7) = %i(T) = 0. 
This stage continues until p = /3i at % - 0 which marks the onset of inhibition of mitosis. Thus, 
zO(r) satisfies the condition, 
6Kpi u2 
to ’ P(3 - b) [ 1 ’ 
STAGE 2. This is a period of retarded growth due to inhibition of mitosis. A two layer structure 
exists in this stage. In the outer layer, the cells grow normally. Inside this region, a layer of viable 
cells forms in which mitosis is inhibited. The growth equation now takes the following form 
d%o 
- = %0(T) - %g(T), 
dr 
with %O - zi = h, and %i(O) = 0. Inhibition of mitosis is first evident when p = ,& at % = zg so 
that Equation (1) becomes 
Q2 = -& (%i - %,“) + $ ($ - $1, 
c 
(5) 
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where Q = (2K@i)/(Phz). Th e solution of the growth equation (4) can be obtained numerically 
using a fourth order Runge-Kutta procedure. The value of zg is needed at each step of the method 
so that Equation (5) must be solved numerically for zg several times during each step. Inhibition 
of mitosis lasts until the cell culture reaches the critical height h,, and the cells at the bottom of 
the tube begin to die. 
STAGE 3. In this stage, u = ui at z = 0, and the cells begin to die at the bottom of the tube. A 
period of further growth retardation exists due to inhibition of mitosis and necrosis which lasts 
until the steady state is reached (i.e. when the rate at which the cell volume is created balances 
the rate at which the cell volume is lost). The cell culture consists of three layers. In the outer 
layer, there is normal growth. Inside this layer, mitosis is inhibited due to the waste product 
of the metabolic processes of living cells. The innermost layer is a layer of dead cells due to 
insufficient nutrient. The appropriate growth equation that describes this stage is 
where y = A/s and .zi = zc - h,. Using the condition that /!I = ,& at z = .ztgr we get 
hc’] (~0” - z;) 
- +> + &o - h,)‘(zo - z~). 
(7) 
c 
As in Stage 2, the growth equation (6) can be solved numerically. The value for zg can be 
obtained by solving Equation (7) several times during each step of the Runge-Kutta method. 
Figure 1. The full growth pattern of the cancer cell culture described in the present 
model (Model II). 
TIME 
Comparison of the results of the present model with the results of the model constructed in [3] 
indicates a difference in the growth behavior of the cell culture. Figure 1 illustrates the full growth 
pattern of a cell culture described in this model. Growth retardation is observed before the onset 
of central necrosis, which is an indication that the source of inhibition is the metabolic wastes 
of living cells. In Figure 2, which also shows the full growth pattern of a cell culture described 
in [3], growth retardation is observed after the central necrosis develops. This suggests that the 
source of growth inhibitor is the necrotic debris. Thus, the cell culture in Model I reaches growth 
retardation and steady state before the ceil culture in Model II does as it is indicated in Figure 3. 
This present one-dimensional model is physically suggestive of the type of variations that may 
occur in more realistic geometries. 
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Figure 2. The fuII growth pattern of the cancer cell culture described in [3] (Model I) 
in which it was assumed that the growth inhibitor is produced in the necrotic core. 
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Figure 3. Comparison of the results of the present model with the results of the 
model constructed in [3]. The ceII culture in Model I reaches growth retardation and 
steady state before the cell culture in Model II does. 
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